Abstract. The general, energy-momentum tensor for a dynamical, string fluid in general relativity is presented using the Ray-Hilbert variational principle. The calculations are given for both the standard and the extended thermodynamics versions in which the latter includes the string as thermodynamic variables. In general relativity, it is shown that the string does not Fermi-Walker transport. Examples of solutions to the field equations are given and compared with solutions obtained from the postulated energy-momentum tensor of Letelier.
Introduction to string fluid dynamics in general relativity
The discussion of the cosmological implications of strings goes back nearly 20 years to the works of Zeldovich [1] and Vilenkin [2] . A string dust model was introduced by Letelier [3] from the description of the string function as a spacetime, surface-forming bivector 
The bivector string model was also discussed by Stachel [4] . In a previous work on the dynamics of a string fluid [5] it was noted that the form of equation (1) closely follows the form of the spin bivector developed by Halbwachs [6] , and therefore the description of a string fluid energy density will use the parallel description of the velocity matrix used in discussions of fluid dynamics in continuum mechanics (see, for example, the discussions of fluids with spin and twist in metric affine geometry for a more complete discussion [7] ). This means that in a fluid context, a Ray-Hilbert variational principle [8] can be developed for a string fluid in general relativity (GR) by introducing the string in terms of a set of tetrads ij = ρλ(x)(a 4i a 3j − a 4j a 3i ) .
where ρ is the string density, a µi are the tetrads †, where the Latin indices, i = 0, 1, 2, 3, are the holonomic coordinates, the Greek indices, µ = 1, 2, 3, 4, are the anholonomic † For a brief discussion of the possible choices for the tetrads chosen in equation (3) , see the last section of the appendix.
coordinates, and where λ(x) are string (module) functions, respectively (considered as a parametric function), which will not be varied directly. For convenience, in the applications that follow in the penultimate section of this paper, the normalization for the string will be incorporated into a vector called the string vector S j . The holonomic metric has signature g ij = (−1, 1, 1, 1) and the anholonomic metric, η µν = (1, 1, 1, −1). We also identify the tetrad a 4i ≡ u i . Using equation (3), the equivalent 'angular' velocity matrix takes the form
so that the string energy density is given by
Some additional justification for this string formulation is given by Nieto [9] . It is interesting to note the similarity of the string energy density in the fluid framework to that which occurs in general spin formulations [10] .
In the previous work [5] , the generality of the spacetime manifold was not restricted to the Riemannian form. However, this work will restrict itself to the Riemannian manifold since the examples discussed here will be compared to the behaviour of strings already formulated in general relativity (GR).
In the next section, the treatments of string fluids using both the improved and unimproved thermodynamic versions is described. In section 3, the energy-momentum tensors for the string fluid are developed. Examples of string solutions are given in section 4 and the conclusions and discussions are given in the last section.
String fluid Lagrangian in general relativity
The Ray-Hilbert Lagrangian for a string fluid in GR becomes
where L M is the matter Lagrangian
and L G is the gravitational field Lagrangian
where e = √ −g, κ = 8πG, R is the Riemann scalar in GR spacetime, λ µν are the Lagrange multipliers and we write λ 44 = λ 1 in the variation. Note that only the third and fourth components of the tetrads occur in the Lagrangian (7) and are therefore the only active tetrads in the variational equations. The first and second components will therefore be suppressed in what follows. In the first part of this section, the string variables are not included in the thermodynamic formulations similar to the non-improved energy-momentum of spinning fluids [12] . In the following abbreviated subsection, the string variables are included in the extended thermodynamic formulations as in the improved energy-momentum of spinning fluids [11] .
Development of the energy-momentum tensor

Standard thermodynamics
The standard thermodynamics for a perfect fluid for the Ray-Hilbert [8] variational principle is given by
The variational variables are then g ij , ρ, s, X, a αi and the various Lagrange multipliers. 
4-velocity δu:
Tetrad δa 3i :
The tetrad and density variations reveal the following relevant results for the Lagrange multipliers which will be useful in the analysis of the metric field equations and the transport properties of the string:
Adding equations (16) and (17) gives the useful result necessary to resolve the metric field equation
The final identity in this section comes from the antisymmetric combination of the tetrad variational equations which leads to a result similar to equation (16),
This equation also has the interesting consequence thatu i ∝ a 3i . In addition, we note the obvious identity
(ii) Metric field equation. The variation with respect to the metric g ij gives the metric field equation
Inserting equations (13), (14) and (18) into equation (21) gives after rearranging
All the 'λ' terms in equation (22) can be shown to satisfy the relationship
At first it would appear that the string energy density term − 1 2
T ST u i u i in equation (22) would renormalize the fluid energy. However, it will be shown below that this is not the case because of the identity
Therefore substituting equations (23) and (24) into equation (22) gives the final results for the metric field equation
where the string fluid energy-momentum tensor is given by
where the perfect fluid energy-momentum tensor is
and
is the string energy-momentum tensor. Note that the combination of perfect fluid and string energy-momentum tensors given by equations (27) and (28) are the same form for a string fluid found by Smalley and Krisch [5] but for a string fluid in Riemann-Cartan spacetime. In reducing the metric equation to its final form given by equations (25)- (28), we have used the variational equations for the Lagrange multiplier for the fluid continuity and the 4-velocity to obtain the relation equations (13) and (14) 2λ
respectively. As a result of the extra factor T ST in equation (29), it is quite remarkable that the string energy density T ST does not occur in the fluid energy-momentum tensor given by equation (27). This renormalization does not occur because of the identity given by equation (24) in which the second term, which would have occurred in the string energymomentum tensor, cancels with the left-hand term, which would have occurred in the fluid energy-momentum tensor.
In the next subsection, the energy-momentum tensor is developed for the case where the energy is considered as a function of the string variables.
Extended thermodynamics
Including the spin [12] and the shear momenta (or twist) [7] as thermodynamical variables has been discussed in earlier works. However, in this section the string variable is also treated as a thermodynamic variable. The energy now becomes
Since most of the details are repetitions of the previous case, only the salient issues are presented for simplicity.
Variational equations.
Even though the tetrad variations are slightly altered by the extended thermodynamics, the spinning string has the same Fermi-Walker transport properties described in the previous discussions based upon the standard thermodynamics. 
where the improved T ij SF is now the sum of a perfect fluid energy-momentum tensor
(which is the same as before), and the string energy-momentum tensor is
Before leaving the discussion of the spinning string fluid energy-momentum tensor, an interesting relationship for the temporal development of the string module function can be derived from the 4-momentum variational equation by taking the inner product with the tetrad a 3i to give
Since the last term vanishes, this means that this expression applies to both models treated here. Equation (35) can be rewritten in a more illuminating form by defining the quantities λ 3 = ρλ 3 , λ 4 = ρλ 4 and the spatial gradient along the string a 3i ∇ i µ . =μ so thaṫ
which shows explicitly the strong dependence of the time development of the string module function on the gradients of the matter along the string.
Application to strings in general relativity
The above discussion describes a universe populated by a string fluid (in contrast to the dust model described by Letelier [3, 13] ). However, to understand the content of this paper, it is necessary to briefly discuss the dust model as a basis for extending the concept to string fluid systems. This is described in the application below which extends a static, spherically symmetric, bivector string array in general relativity.
Application: extended dust model
The stress-energy tensor.
The stress-energy tensors discussed in the first part of the paper will be applied to finding exact solutions for a static, spherically symmetric bivector string array in GR. These solutions will be compared to the string system which have been studied by Letelier [3, 13] and Soleng [14] . The starting point for their calculation is the hypothesized string stress-energy tensor
where for simplicity, a density and normalization factor have been absorbed into the definition of the string bivector which has now been defined in terms of the string vector S j discussed earlier after equation (3)
so that
In the previous sections, the stress-energy tensors given by equations (28) and (34) have been developed from dynamical arguments through a variational principle. These energymomentum tensors will be used for comparisons and extensions of the models of Letelier. Also the parameter b will describe whether or not the string density has been included as a thermodynamic variable. b = 1, the string density is not a thermodynamic variable b = 2, the string density is a thermodynamic variable.
If in addition, the fluid is considered to be an anisotropic fluid with particle density ρ and anisotropic stresses t (ab) where the indices a, b = 1, 2, 3, then equations (28) and (34) can be written in the compact form
where the A (a) i are a spacelike tetrad component of a set of tetrads (see the appendix) that will be used to diagonalize the metric and put the field equations into a more manageable form for calculational purposes. Also the components of this stress tensor are tabulated in the appendix for convenience. In what follows, this stress-energy content will be applied to two spacetimes: a modified Schwarzschild spacetime and the Friedman-Robertson-Walker (FRW) cosmological solution.
Modified Schwarzschild spacetime.
The metric that will be considered for this application is given by
where f and µ are functions of r only. The set of tetrads that diagonalizes the metric is
(43) (i) Two Schwarzschild spacetime models (a) Dust model. In this model, t (11) = 0. Then using equation (55), the string vector is seen to be the constant
and the fluid density for this model becomes
The requirement that a should be negative to get positive densities means that the event horizon will be contracted by the presence of the constant string field.
(b) Equation of state model. In this model, the equation of the string system is given by t (11) = −ρ. In this case, the string vector follows directly from the equation of state (equation (56)) so that
where S 0 is an integration constant called the string parameter. Thus the stress and fluid density are given by
Thus all fluids are singular on the horizon. For large r, the fluid has the very simple behaviour of order ϑ(1/r 2 )
In this model, the string parameter S 0 is not directly linked to the parameter a. Letelier's string cloud model [3] is most similar to the large-distance behaviour of the second case in which he finds the string cloud falling off as r −2 . The constant string vector function is new. Letelier [16] has discussed a model with stress but of the Schwarzschild form.
(
ii) A cosmological model
The second example is an isotropic spherically symmetric cosmology described by the metric
The diagonal field equations for this system are now given by
These field equations are identical to the usual FRW field equations with the replacement of the density by the density minus the string function divergence. Upon specializing to dust, as in the stringless cosmology, it can be shown that
with ρ 0 a constant. The time behaviour of the string functions follows from the off-diagonal field equations that are given, using the appendix, as
where i is given by the spatial components r, θ, ϕ. Equation (64), when applied to the dust stringless cosmology, implies that the universe cannot be static if k = 0 or −1. When strings are included this is no longer true. It is possible to have the radius a constant for
For k = +1, there are some differences in the critical density values for the expansion to cease and reconstriction to start. In the stringless cosmology, the critical radius for the turning point is
The actual mass density can be greater than the stringless density if the string function is positive and less than the stringless density if the string function is negative.
Conclusions and discussions
We have developed a stress-energy tensor describing a string fluid. The fluid potentially can have mass and stress content. The stress tensor is valid in general relativity for the string variable being either treated as a thermodynamic variable or not. Two applications were considered. A modified Schwarzschild spacetime was found which was similar to that of Letelier [3] in which the presence of the strings moved the horizon. In the dust solution, the requirement of positive string density implied that the horizon was larger that its Schwarzschild value due to the presence of the string system. The dust solution presented here has a constant string density and a mass density falling off like r −1 . The second Schwarzschild model has string tension and the same r −2 drop off in density as Letelier [17] . For this model, the position of the horizon was larger than its Schwarzschild value. The choice of the thermodynamic behaviour produced only factors of two difference in the numerical results for these models.
The second application considered here was a homogeneous, isotropic cosmology. In this example, the presence of the string system produced some interesting modifications to the usual stringless perfect fluid cosmology. In addition to the usual expanding solutions, for a particular value of the density, a static solution is possible. The choice of the thermodynamic behaviour did not appear in this example. The difference in the thermodynamic behaviour is linked to the presence of acceleration in the spacetime. In contrast, the FRW metric is unaccelerated.
The stress-energy tensor presented in this paper has provided an enriched spectrum of solutions. The enlarged parameter content of this fluid makes this approach a valuable tool for modelling an expanded class of spacetimes. It is expected that the addition of spin to string models will also be of interest and it is suggested that such terms will have implications for the horizon as well. As yet, the thermodynamic parameter b has not been a significant factor in the determination of the event horizon and it is not yet clear whether the addition of spin will change this conclusion in GR. These ideas are presently under investigation and will be reported elsewhere. through equation (4) in finding the spin angular velocity. Writing equation (4) 
If there is no time dependence in the metric, the angular velocity clearly does not depend on the tetrad choice. If the time dependence in the metric is an overall factor, the time derivatives cancel. If the metric has the unaccelerated cosmological form with a conformal time dependence on the spatial part of the metric, again the derivatives cancel, and there is no dependence on the choice of the tetrads. The examples in this paper all fall within these very broad classes.
